
Theorem 2. OSGD iterate expected errors satisfy 

Orthogonalized Stochastic Gradients
Intuition of Neyman Orthogonality: The parameter tangent space is 

orthogonal to the nuisance tangent space.
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Facheng Yu, Ronak Mehta, Alex Luedtke, Zaid Harchaoui

Motivation: Many machine learning problems rely on a risk function that is only 
partially specified up to a class of risks under the unknown nuisance, wherein 

the risk of interest is the one under the true nuisance.
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L := {L(·, g) : g 2 G}

Risk function under unknown nuisance

Risk minimization under true nuisance

Learning the true nuisance would introduce additional statistical error.  
One way to make the risk insensitive to nuisance is to orthogonalize it.
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nuisance 
tangent space

orthogonal complement  
of the nuisance 
tangent space

Classical Stochastic Gradient Algorithm

A risk is said to be an orthogonal risk if it is 
Neyman orthogonal at the true parameter of 

interest and the true nuisance.
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Z1, . . . , Zn
i.i.d.⇠ P

plug-in nuisance estimator 
(independent of samples)

Theorem 1. The standard SGD iterate expected errors satisfy

For an orthogonal risk, the iterates expected errors satisfy

<latexit sha1_base64="USJ7uAo1DSmZ3w4IMKjUPpW/tBE="></latexit>

O((1� µ⌘/2)n + ⌘ + kĝ � g0k2G)
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(nuisance sensitive)

(nuisance insensitive)

SGD  
Optimization Error

Nuisance  
Estimation Error

Using an orthogonal loss can further remove the nuisance estimation error. 
However, it is not always possible to handcraft orthogonalized objectives. 

Sequentially orthogonalizing first-order information is more flexible.
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<latexit sha1_base64="rMfE8nqykVIZWDuG6iVsTH/3log=">AAAB9XicbVBNS8NAEN34WetX1aOXYBEqSElEqt4KXjxWsB/QpmWznbRLN5uwO1FK6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/FhwjY7zba2srq1vbOa28ts7u3v7hYPDho4SxaDOIhGplk81CC6hjhwFtGIFNPQFNP3R7dRvPoLSPJIPOI7BC+lA8oAzikbqdnAISLtpyT2XZ5NeoeiUnRnsZeJmpEgy1HqFr04/YkkIEpmgWrddJ0YvpQo5EzDJdxINMWUjOoC2oZKGoL10dvXEPjVK3w4iZUqiPVN/T6Q01Hoc+qYzpDjUi95U/M9rJxhceymXcYIg2XxRkAgbI3sagd3nChiKsSGUKW5utdmQKsrQBJU3IbiLLy+TxkXZrZQr95fF6k0WR44ckxNSIi65IlVyR2qkThhR5Jm8kjfryXqx3q2PeeuKlc0ckT+wPn8AnaiR7A==</latexit>

✓(1,n)

…<latexit sha1_base64="6rfmwSR2vzkKtFcVZHlTJXeOHX4=">AAAB9XicbVDJSgNBEO2JW4xb1KOXxiBEkDATJOot4MVjBLNANno6NUmTnoXuGiUM+Q8vHhTx6r9482/sJHPQxAcFj/eqqKrnRlJotO1vK7O2vrG5ld3O7ezu7R/kD48aOowVhzoPZahaLtMgRQB1FCihFSlgviuh6Y5vZ37zEZQWYfCAkwi6PhsGwhOcoZF6HRwBsl5SLF8459N+vmCX7DnoKnFSUiApav38V2cQ8tiHALlkWrcdO8JuwhQKLmGa68QaIsbHbAhtQwPmg+4m86un9MwoA+qFylSAdK7+nkiYr/XEd02nz3Ckl72Z+J/XjtG77iYiiGKEgC8WebGkGNJZBHQgFHCUE0MYV8LcSvmIKcbRBJUzITjLL6+SRrnkVEqV+8tC9SaNI0tOyCkpEodckSq5IzVSJ5wo8kxeyZv1ZL1Y79bHojVjpTPH5A+szx9CQpGw</latexit>

✓(2,1)
<latexit sha1_base64="AOdd3778Q6g32BtV6E4uAxjUClI=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiBEkDATJOot4MVjBLNANno6PUmTnoXuGiUM+Q8vHhTx6r9482/sJHPQxAcFj/eqqKrnRlJotO1vK7O2vrG5ld3O7ezu7R/kD48aOowV43UWylC1XKq5FAGvo0DJW5Hi1Hclb7rj25nffORKizB4wEnEuz4dBsITjKKReh0ccaS9pFi+KJ9P+/mCXbLnIKvESUkBUtT6+a/OIGSxzwNkkmrdduwIuwlVKJjk01wn1jyibEyHvG1oQH2uu8n86ik5M8qAeKEyFSCZq78nEuprPfFd0+lTHOllbyb+57Vj9K67iQiiGHnAFou8WBIMySwCMhCKM5QTQyhTwtxK2IgqytAElTMhOMsvr5JGueRUSpX7y0L1Jo0jCydwCkVw4AqqcAc1qAMDBc/wCm/Wk/VivVsfi9aMlc4cwx9Ynz9DyJGx</latexit>

✓(2,2)

…

<latexit sha1_base64="0yImrctqq9z2GtEPPS2pdv2x6Z4=">AAAB9XicbVBNS8NAEN34WetX1aOXYBEqSElEqt4KXjxWsB/QpmWznbRLN5uwO1FK6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/FhwjY7zba2srq1vbOa28ts7u3v7hYPDho4SxaDOIhGplk81CC6hjhwFtGIFNPQFNP3R7dRvPoLSPJIPOI7BC+lA8oAzikbqdnAISLtpyT13zia9QtEpOzPYy8TNSJFkqPUKX51+xJIQJDJBtW67ToxeShVyJmCS7yQaYspGdABtQyUNQXvp7OqJfWqUvh1EypREe6b+nkhpqPU49E1nSHGoF72p+J/XTjC49lIu4wRBsvmiIBE2RvY0ArvPFTAUY0MoU9zcarMhVZShCSpvQnAXX14mjYuyWylX7i+L1Zssjhw5JiekRFxyRarkjtRInTCiyDN5JW/Wk/VivVsf89YVK5s5In9gff4APzSRrg==</latexit>

✓(1,0)

<latexit sha1_base64="AOwmCFVmwXT1x913Dj/ZkE/PeJs=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpQZkaq7ggtdVrAP6NRyJ820ocnMkGSEMnTpxl9x40IRt36CO//GdNqFVg9cODnnXnLv8WPOlHacLyu3sLi0vJJfLaytb2xu2ds7DRUlktA6iXgkWz4oyllI65ppTluxpCB8Tpv+8HLiN++pVCwKb/Uoph0B/ZAFjIA2Utfe9wagcf8uLTlH42OcvbwrEAKmUtcuOmUnA/5L3BkpohlqXfvT60UkETTUhINSbdeJdScFqRnhdFzwEkVjIEPo07ahIQiqOml2yBgfGqWHg0iaCjXO1J8TKQilRsI3nQL0QM17E/E/r53o4LyTsjBONA3J9KMg4VhHeJIK7jFJieYjQ4BIZnbFZAASiDbZFUwI7vzJf0njpOxWypWb02L1YhZHHu2hA1RCLjpDVXSNaqiOCHpAT+gFvVqP1rP1Zr1PW3PWbGYX/YL18Q3dLZf1</latexit>

ĝ(0), �̂(0)

<latexit sha1_base64="6oYayEQ9IutpiDbukPKkVTNl3nE=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpQZkaq7ggtdVrAP6NRyJ820ocnMkGSEMnTpxl9x40IRt36CO//GdNqFVg9cODnnXnLv8WPOlHacLyu3sLi0vJJfLaytb2xu2ds7DRUlktA6iXgkWz4oyllI65ppTluxpCB8Tpv+8HLiN++pVCwKb/Uoph0B/ZAFjIA2Utfe9wagcf8uLblH42OcvbwrEAKmUtcuOmUnA/5L3BkpohlqXfvT60UkETTUhINSbdeJdScFqRnhdFzwEkVjIEPo07ahIQiqOml2yBgfGqWHg0iaCjXO1J8TKQilRsI3nQL0QM17E/E/r53o4LyTsjBONA3J9KMg4VhHeJIK7jFJieYjQ4BIZnbFZAASiDbZFUwI7vzJf0njpOxWypWb02L1YhZHHu2hA1RCLjpDVXSNaqiOCHpAT+gFvVqP1rP1Zr1PW3PWbGYX/YL18Q3gTJf3</latexit>

ĝ(1), �̂(1)

<latexit sha1_base64="7uC19au2wCxK68YHOJqQ5b5lomg=">AAAB9XicbVDJSgNBEO2JW4xb1KOXxiBEkDATJOot4MVjBLNANno6NUmTnoXuGiUM+Q8vHhTx6r9482/sJHPQxAcFj/eqqKrnRlJotO1vK7O2vrG5ld3O7ezu7R/kD48aOowVhzoPZahaLtMgRQB1FCihFSlgviuh6Y5vZ37zEZQWYfCAkwi6PhsGwhOcoZF6HRwBsl5SLF/Y59N+vmCX7DnoKnFSUiApav38V2cQ8tiHALlkWrcdO8JuwhQKLmGa68QaIsbHbAhtQwPmg+4m86un9MwoA+qFylSAdK7+nkiYr/XEd02nz3Ckl72Z+J/XjtG77iYiiGKEgC8WebGkGNJZBHQgFHCUE0MYV8LcSvmIKcbRBJUzITjLL6+SRrnkVEqV+8tC9SaNI0tOyCkpEodckSq5IzVSJ5wo8kxeyZv1ZL1Y79bHojVjpTPH5A+szx9AvJGv</latexit>

✓(2,0)

⟺

<latexit sha1_base64="Tzrt27dV2aULW/MzltCFy9/fKqQ=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZIlV3BRe6rGAf0NZyJ03b0GRmSDJCGbp046+4caGIWz/BnX9jOp2Fth64cHLOveTe44WcKe0431ZmaXlldS27ntvY3NresXf36iqIJKE1EvBANj1QlDOf1jTTnDZDSUF4nDa80dXUbzxQqVjg3+lxSDsCBj7rMwLaSF37sD0EjQf3caF0MjnFyat9DULATOraeafoJMCLxE1JHqWodu2vdi8gkaC+JhyUarlOqDsxSM0Ip5NcO1I0BDKCAW0Z6oOgqhMnh0zwsVF6uB9IU77Gifp7Igah1Fh4plOAHqp5byr+57Ui3b/oxMwPI019MvuoH3GsAzxNBfeYpETzsSFAJDO7YjIECUSb7HImBHf+5EVSLxXdcrF8e5avXKZxZNEBOkIF5KJzVEE3qIpqiKBH9Ixe0Zv1ZL1Y79bHrDVjpTP76A+szx/ja5f5</latexit>

ĝ(2), �̂(2)

orthogonalizing operator

Intuition:  
Project the standard gradient oracle 
onto the orthogonal complement of 

the nuisance tangent space.

Example. [Partially Linear Model] 

<latexit sha1_base64="cJBjzAE6x5p008VYEQQCawEqFow=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUhJKIVC9KwYvHCqYttKFstpt26WYTdjfFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZWVtfWNzYLW8Xtnd29ffvgsKHiVBLqkZjHshVgRTkT1NNMc9pKJMVRwGkzGN5N/eaISsVi8ajHCfUj3BcsZARrI3Vt20M3qN91ys0zdI46T6xrl5yKMwNaJm5OSpCj3rW/Or2YpBEVmnCsVNt1Eu1nWGpGOJ0UO6miCSZD3KdtQwWOqPKz2eUTdGqUHgpjaUpoNFN/T2Q4UmocBaYzwnqgFr2p+J/XTnV47WdMJKmmgswXhSlHOkbTGFCPSUo0HxuCiWTmVkQGWGKiTVhFE4K7+PIyaVxU3Gql+nBZqt3mcRTgGE6gDC5cQQ3uoQ4eEBjBM7zCm5VZL9a79TFvXbHymSP4A+vzByY6kWo=</latexit>

U = g0(W ) + ⇠

<latexit sha1_base64="XFu/CUwsq/ufao7Hs6MKAl8z9Ic=">AAACIHicbVDLSgNBEJz1GeMr6tHLYBAUJeyKqBcl4MWjgjGRbAi9k04yODu7zPQKIfgpXvwVLx4U0Zt+jZPHwVfBQFHVRU9XlCppyfc/vInJqemZ2dxcfn5hcWm5sLJ6ZZPMCKyIRCWmFoFFJTVWSJLCWmoQ4khhNbo5HfjVWzRWJvqSeik2Yuho2ZYCyEnNwuE1P+ahAt1RyEPqIkEztARml9d4aEb6Du80/a3qtiMhplaqQbLol/wh+F8SjEmRjXHeLLyHrURkMWoSCqytB35KjT4YkkLhXT7MLKYgbqCDdUc1xGgb/eGBd3zTKS3eTox7mvhQ/Z7oQ2xtL47cZAzUtb+9gfifV8+ofdToS51mhFqMFrUzxSnhg7Z4SxoUpHqOgDDS/ZWLLhgQ5DrNuxKC3yf/JVd7peCgdHCxXyyfjOvIsXW2wbZYwA5ZmZ2xc1Zhgt2zR/bMXrwH78l79d5GoxPeOLPGfsD7/ALPfqDn</latexit>

Y = h✓?, Xi+ g0(W ) + ✏

Consider the following non-orthogonal loss
<latexit sha1_base64="hcb8puXFstZ2ahKRHJKb/pwhdAk="></latexit>

`(✓, g; z) =
1

2
(y � g(w)� h✓, xi)2

The true nuisance and the orthogonalizing operator are

<latexit sha1_base64="MyoQCGHUf/usEqz65qWtEtFoU/I="></latexit>

Sno(✓, g; z) = r✓`(✓, g; z)� �0rg`(✓, g; z)

<latexit sha1_base64="GQC4k+xMRl+0Y400qc1+0rDqHy0=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURqW6UggguK5imkIYwmUzaoZMHMxOhhK7c+CtuXCji1m9w5984abPQ1gMDZ865l3vv8VNGhTSMb62ytLyyulZdr21sbm3v6Lt7XZFkHBMLJyzhPR8JwmhMLEklI72UExT5jNj+6Lrw7QfCBU3iezlOiRuhQUxDipFUkqcfDjyjYZ/AS9iPkBz6fn4zcSz1oQG0XU+vG01jCrhIzJLUQYmOp3/1gwRnEYklZkgIxzRS6eaIS4oZmdT6mSApwiM0II6iMYqIcPPpGRN4rJQAhglXL5Zwqv7uyFEkxDjyVWWxq5j3CvE/z8lkeOHmNE4zSWI8GxRmDMoEFpnAgHKCJRsrgjCnaleIh4gjLFVyNRWCOX/yIumeNs1Ws3V3Vm9flXFUwQE4Ag1ggnPQBregAyyAwSN4Bq/gTXvSXrR37WNWWtHKnn3wB9rnD2VdlzA=</latexit>

g0(W ) = E[U | W ]
<latexit sha1_base64="tuqUSlhh9PiyeqEKpAXSztbl4io=">AAACIXicbVDLSsNAFJ3UV62vqEs3g0Wom5KI1OJCCiK6rGCbQhrCZDpth84kYWYilNBfceOvuHGhSHfizzhps6itB4Y5nHMv994TxIxKZVnfRmFtfWNzq7hd2tnd2z8wD4/aMkoEJi0csUh0AiQJoyFpKaoY6cSCIB4w4gSj28x3nomQNAqf1DgmHkeDkPYpRkpLvlnv3iPOkW9dwwHschRLFWW/GgZBejdxF2hH67QHHW9Qcc493yxbVWsGuErsnJRBjqZvTru9CCechAozJKVrW7HyUiQUxYxMSt1EkhjhERoQV9MQcSK9dHbhBJ5ppQf7kdAvVHCmLnakiEs55oGuzBaWy14m/ue5ierXvZSGcaJIiOeD+gmDOoUsLtijgmDFxpogLKjeFeIhEggrHWpJh2Avn7xK2hdVu1atPV6WGzd5HEVwAk5BBdjgCjTAA2iCFsDgBbyBD/BpvBrvxpcxnZcWjLznGPyB8fML2RWisw==</latexit>

�0 : g 7! E[E[X | W ]g(W )]

<latexit sha1_base64="3TdLtw/9ZSPSMklz2C80HGv5aCI=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCxChVISkepFKXjx2IJpC00om+2mXbqbhN2NUEJPXvwrXjwo4tXf4M1/46bNQVsfDDzem2Fmnh8zKpVlfRuFldW19Y3iZmlre2d3z9w/aMsoEZg4OGKR6PpIEkZD4iiqGOnGgiDuM9Lxx7eZ33kgQtIovFeTmHgcDUMaUIyUlvrmcRtew0q3Cp0q7JxBV1IOXY7UyPfT1rRvlq2aNQNcJnZOyiBHs29+uYMIJ5yECjMkZc+2YuWlSCiKGZmW3ESSGOExGpKepiHiRHrp7I0pPNXKAAaR0BUqOFN/T6SISznhvu7MLpSLXib+5/USFVx5KQ3jRJEQzxcFCYMqglkmcEAFwYpNNEFYUH0rxCMkEFY6uZIOwV58eZm0z2t2vVZvXZQbN3kcRXAETkAF2OASNMAdaAIHYPAInsEreDOejBfj3fiYtxaMfOYQ/IHx+QNWM5aM</latexit>

V = (X,U,W ) ⇠ Q

<latexit sha1_base64="cWgrce49scuVu1c4OKVKWlSPDR0=">AAACBnicbVDLSgMxFM34rPU16lKEYBEqlDIjUt0oBTcuK9iHdoaSSdM2NMkMSUYoQ1du/BU3LhRx6ze482/MtLPQ1gMXDufcy733BBGjSjvOt7WwuLS8sppby69vbG5t2zu7DRXGEpM6DlkoWwFShFFB6ppqRlqRJIgHjDSD4VXqNx+IVDQUt3oUEZ+jvqA9ipE2Usc+uIcXsNgqwbsSbB5DT1EOPY70IAiS2rhjF5yyMwGcJ25GCiBDrWN/ed0Qx5wIjRlSqu06kfYTJDXFjIzzXqxIhPAQ9UnbUIE4UX4yeWMMj4zShb1QmhIaTtTfEwniSo14YDrTC9Wsl4r/ee1Y9879hIoo1kTg6aJezKAOYZoJ7FJJsGYjQxCW1NwK8QBJhLVJLm9CcGdfnieNk7JbKVduTgvVyyyOHNgHh6AIXHAGquAa1EAdYPAInsEreLOerBfr3fqYti5Y2cwe+APr8wdhjpaT</latexit>

Z = (X,Y,W ) ⇠ P

<latexit sha1_base64="v42ZMw6AA72fxj81OmATRYzkJPk=">AAACIXicbVBNS8NAEN34WetX1aOXxSJ4KCERqZ5E8OKxgv2ApoTNdqqLu0nYnYgl5K948a948aCIN/HPuGl78OvBwOO9GWbmRakUBj3vw5mbX1hcWq6sVFfX1jc2a1vbHZNkmkObJzLRvYgZkCKGNgqU0Es1MBVJ6Ea356XfvQNtRBJf4TiFgWLXsRgJztBKYe2kE/oNGgwTNA3aCRUNkrIdMA8Q7jEXrnCHblHkgRGqoIFieBNF+WUR1uqe601A/xJ/RupkhlZYe7dbeKYgRi6ZMX3fS3GQM42CSyiqQWYgZfyWXUPf0pgpMIN88mFB960ypKNE24qRTtTvEzlTxoxVZDvLC81vrxT/8/oZjk4GuYjTDCHm00WjTFJMaBkXHQoNHOXYEsa1sLdSfsM042hTqtoQ/N8v/yWdQ9dvus3Lo/rZ6SyOCtkle+SA+OSYnJEL0iJtwskDeSIv5NV5dJ6dN+d92jrnzGZ2yA84n19n5aO9</latexit>

V1, . . . , Vm
i.i.d.⇠ Q

nuisance data stream

parameter data stream

<latexit sha1_base64="FBOEFi69XvPRFuYeQm1qfoEKKfs="></latexit>

✓(m,n) = ✓(n�1) � ⌘Ŝ(m)
no (✓(m,n�1), ĝ(m);Zm,n)

<latexit sha1_base64="UgKqZfjxk3mXGs4z4icBkcgYEp0="></latexit>

Ŝ(m)
no (✓, g; z) = r✓`(✓, g; z)� �̂(m)rg`(✓, g; z)

<latexit sha1_base64="xPRlAm2baXnC+0CpOoOGek5I/Vc="></latexit>

kĝ(m) � g0k2G = Op(m
�(2↵�1)/2↵)

<latexit sha1_base64="l8HkRU6PyN8m+VVegHrEsqYnj9Y="></latexit>

k�̂(m) � �0k2 = Op(m
�(2↵�1)/2↵)

<latexit sha1_base64="2XEFyiYkD7sxFjr1C0QpBeMva6U=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAYhORh2RaIXJeDFmxHMA5I1zE4myZDZ2WWmV4hL8Fe8eFDEq//hzb9xkuxBEwsaiqpuurv8SHANjvNtLSwuLa+sZtay6xubW9v2zm5Nh7GirEpDEaqGTzQTXLIqcBCsESlGAl+wuj+4Gvv1B6Y0D+UdDCPmBaQneZdTAkZq2/v5FgOCZeE+OXZH+ALf5N1C2845RWcCPE/clORQikrb/mp1QhoHTAIVROum60TgJUQBp4KNsq1Ys4jQAemxpqGSBEx7yeT6ET4ySgd3Q2VKAp6ovycSEmg9DHzTGRDo61lvLP7nNWPonnsJl1EMTNLpom4sMIR4HAXucMUoiKEhhCpubsW0TxShYALLmhDc2ZfnSe2k6JaKpdvTXPkyjSODDtAhyiMXnaEyukYVVEUUPaJn9IrerCfrxXq3PqatC1Y6s4f+wPr8AevfkvE=</latexit>

(⌘n)�1 = O(1)

Assumptions

nuisance insensitive rate

approximated stochastic gradient oracle

(SGD)

(OSGD)

<latexit sha1_base64="nTjXHhMBl/6Dzez+8bsh8seq1L8="></latexit>

O((1� µ⌘/2)mn + n
�1 + ⌘ +m

�(2↵�1)/↵)

<latexit sha1_base64="9BlXHdIvMB07R7yH6brkLS1Nhho="></latexit>

Z1,1, . . . , Z1,n, Z2,1, . . . , Zm,n
i.i.d.⇠ P

learning rate


